Let G be a connected undirected graph with n, n ≥ 3, vertices and m edges. Denote by ρ 1 ≥ ρ 2 ≥ · · · > ρ n = 0 the normalized Laplacian eigenvalues of G. Upper and lower bounds of ρ i , i = 1, 2, . . . , n − 1, are determined in terms of n and general Randić index, R −1 .
Introduction and preliminaries
Let G = (V, E), V = {1, 2, . . . , n}, be n-vertex undirected connected graph, with m edges and vertex degree sequence 
, are normalized Laplacian eigenvalues of graph G (see [3] ). Well known properties of these eigenvalues are [11] 
where R −1 is general Randić index [1, 2, 8, 11] . Well known inequalities valid for ρ 1 and ρ n−1 are [3]
with equality holding if and only if G ∼ = K n . In [1] [2] [3] [4] [5] [6] 9 , 10] several upper/lower bounds for ρ 1 and ρ n−1 were reported. In the present paper we consider upper and lower bounds for ρ i , i = 1, 2, . . . , n − 1.
In the text that follows we first recall some results from spectral graph theory and polynomials needed for our work.
Shi [9] (see also [4] ) proved the following result for general Randić index.
Let G be a connected undirected graph with n vertices and m edges. Then
Equality holds if and only if G is a regular graph.
Lupas [7] considered a class of real polynomials P n (a 1 , a 2 ), i.e. the polynomials of type P n (x) = x n + a 1 x n−1 + a 2 x n−2 + b 3 x n−3 + · · · + b n , where a 1 and a 2 are fixed real numbers. Denote by
The following bounds for zeros of polynomial P n (x) were proved in [7] .
Main results
In the following theorem we determine upper and lower bounds for normalized Laplacian eigenvalues, ρ i , i = 1, 2, . . . , n − 1 in terms of n and R −1 .
Theorem 2.1. Let G be a connected undirected graph with n, n ≥ 3, vertices and m edges. Then
In all three cases equalities hold if and only if G ∼ = K n .
Proof. The characteristic polynomial of the normalized Laplacian matrix
This means that polynomial ϕ n−1 (x) belongs to a class of polynomial P n−1 (−n,
. According to (4) for the zeros, ρ 1 ≥ ρ 2 ≥ · · · ≥ ρ n−1 > 0, of polynomial ϕ n−1 (x) the following equalities are valid
Now according to (8) and from (5) for n := n − 1, x i := ρ i , i = 1, 2, . . . , n − 1 we obtain the required result.
Remark 2.1. Left-side inequality in (6) and right-side inequality in (7) were proved in [10] .
Corollary 1. Let G be a connected undirected graph with n, n ≥ 3, vertices and m edges. Then
Remark 2.2. Let us note that left-side inequalities in (6) and (9) as well as right-side inequalities in (7) and (10) are stronger than those in (2).
Remark 2.3. Based on the left inequality in (6) and the right inequality in (7) the following inequalities are obtained, respectively
, which were proved in [10] [Theorem 1.1].
and
Equalities hold if and only if G ∼ = K n .
Remark 2.4. The inequality (11) was proved in [10] [Theorem 1.2], under slightly stronger condition. Also, it is not difficult to see that inequalities (11) and (12) are stronger than inequality R −1 ≥ n 2(n−1) proved in [6] .
